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Candidates may attempt at most FOUR questions. Full marks can be obtained for complete
solutions to FOUR. questions. Each question should start on a fresh page.
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Consider the following finite difference methods to integrate the heat equation u; = Uz,
Here g = ,—i% where k denotes the time step and h the space step. In each find the
order of accuracy and use von Neumann analysis to determine the range p for which
the method is stable.

{a) Forward Euler scheme, [10)
(b) Crank-Nicholson method. [15}

Consider the advection diffusion equation w; + @y — Ugze = 0 with Dirichlet boundary
conditions and a > 0. Show that u{z,t) = exp[—(iLma + L*#?) + iLx?] is for every
L a particular solution of the problem. Use von Neumann analysis to derive the the
stability conditions for the upwind scheme
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What is the degree of accuracy of the scheme? [25]

(a) Show that the scheme of the form, v = onf | + Bul_,, are stable if || + | 8]

is less than or equal to 1. [12]
n+l _ 1 f.n + n T
{b) Show that the Lax-Friedrichs scheme o 2 (Uzﬁ‘“ Y1) +gimtd 5 h'b’mq =0
is stable if |aA| < 1. ‘ ' [13]

(a) Show that the following modified Lax-Friedrichs scheme for the one way wave

equation u, + au, = f, given by

nHl — (v” + U ) — A\ Umiy ~ Umo + kf is stable for all the val-
m 9 m+1 m—1 1 + (a/\)z 2h m

ues of A. Discuss the relation of this explicit and unconditional stable scheme
to the theorem which states that There are no explicit unconditionally stable,
consistent finite difference schemes for hyperbolic systems of partial differential
equations. 3]
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(b) Consider the parabolic heat equation wu;, = bzq, where b is a positive number. For
the scheme
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is stable for all the values of A. Discuss the relation of this explicit and uncon-
ditional stable scheme to the theorem which states that There are no explicit
unconditionally stable, consistent finite difference schemes for hyperbolic systems

of partial differential equations. [12]
A5, Define the following terms

(i) Consistency, (2}

(ii) Stability, 4]

{iif) Convergence. 4]

Consider the one way wave equation u, + au, = ( where a is a constant.
(i} In one paragraph describe what you understand by hyperbolic equa-

tions, 5]
(ii) Show that the forward time central space (FTCS) scheme given by
’U"+1 . Un ,Un L= yh
= r m oy gt o ™ = () is consistent with the one way wave equa-
tion. ' [5]
n+l Y™ p — g
(iii) Show that the leap-frog scheme —™ ok Moy gt 5 L = () is consis-
tent with the one way wave equation. [5]
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