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Answer any THREE questions. Each question carries 33 marks.
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Standard Laplace transforms. The transforms are valid for s > s,.
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Question 1

(a) Consider the periodic "cosine bump” shown.
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Itis defined by f (x) = Acos(mx/L) for — L/2 < x < L/2, with periodicity L.
Find the Fourier trigonometric series of the function.

[9]

(b) Let there now be some spacing between the bumps, as shown.
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The distance between the centers of the bumps is NL, where N is a number. In

terms of IV, find the Fourier trigonometric series for this function. Hint: It's

nearly the same calculation as the one in part (a), with some extra N's in
certain places.

9]
(c) Take the N — oo }imit and then define z = n/N, and express f(x) as an
integral over z.

(5]
[4]

(d) Rewrite the integral in terms of a new variable k defined by k = 2nz/L.

(€] Calculate the Fourier transform of the single cosine bump shown.

Verify that the f(x) = fiooo c(k) etRX gy expression agrees with your answer
to part (d).

[6]
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Question 2

(a) Consider the function defined by
X
Asin— for— NL <x < NL
S(x) = L
0 for |x| > NL

where N is an integer. The figure below shows the case where N = 4.

i (V=4 here}
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Find the Fourier transform of the function. Hint: Work in terms of a general
number N.

[12]
(b} Find the value of c(k) very close to k = m/L, thatis,at k = n/L + £ with
& — 0. Hint: You may use a Taylor series expansion.

(c) Show that

~[.—lx|] — 1
3e f|]mm

(d} Prove the relation

de(k)

i— = 3[xf (x)]

Hence find 3 [xe_lx'] and use Parserval’s theorem to evaluate the integral
+co k2

f (1+ kz)4 “
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Question 3

(a) Prove that if f(t) hasa period T > 0 so that £(t) = f(t + T ), then

fge_Stf(t)dt

1—e—sT

LIf®)] =
[8]

(b) Find the Laplace transform of the periodic function whose graph is shown
below ‘

(c) Prove by induction that

d" f(s)
dsh

LIETFO] = (-D"

ne{1,23,-}

Use this property to demonstrate, without evaluating any Laplace integrals
explicitly, that

L[t5%] = 15{;/7?3‘7/2

[10]
(d) Two unstable isotopes A and B and a stable isotope € have the following
decay rates per atom present:

A—-B 3s1
A—-C€C 1s71
B-(C 2s71

Initially a quantity N; of A is present but there are no atoms of the other two

types. Using Laplace transforms, find the amount of € present at a later time
t.

[10]
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Question 4

(a) By finding a suitable integrating factor, solve the equation

y —ycotx+cosecx =0

(8]
(b) Find, in the form of an integral, the solution of the equation
dy
—_ — t
a—+y=fo)
for a general function f(t). Find the specific solution for f(t) = H(t) the
Heaviside function.
[8]
(c) Find the general solution of the equation
dy 4y*
dx  x?
[5]
(d) Solve the simultaneous differential equations
X=2x—-y
y=y-—2x
where x(0) = 8 and y(0) = 3.
[12]

Question 5

(a) The function f(t) satisfies the differential equation

d*f _df
—= 8+ 12f = 12e™*
re) + T +12f = 12e

For the boundary conditions: £(0) = 0, f'(0) = —2, f(Inv2) = 0; determine
whether it has solutions, and, if so, find them.
[11]

(b} Find the general solution of

d3y dy
2 122L 4 6y = 32x —
5 = +6y=32x-8

Page b of 7




(c) The motion of a body falling in a resisting medium may be described by

d?x(t) , 420
gz T dt

when the retarding force is proportional to the velocity. Using Laplace
transforms, find x(t) and dx(t)/dt for the initial condition

dx

x(0)=dtt:0=

0

What is the velocity at large t? This is the “terminal velocity.”
[11]

END OF PAPER
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